respect to any triangulation of M ). Since we can isotope the triangulation of M so that H PL X (M ) 0 ⊂ H X (M, µ-end-reg) 0 ( §4), it follows that H X (M, µ-end-reg) 0 is also homotopy dense in H X (M ) 0 . Note that some sort of arguments on PL-triangulation is necessary to include the compact polyhedron X in our statements. We can combine these results together to obtain the noncompact version of Fathi's results in dimension 2. The homotopy type of H X (M ) 0 has been classified in [7, 14] . The infinite-dimensional manifold theory (cf. [12] ) enables us to classify the topological type of H X (M ) 0 . Corollary 1.1. H X (M, µ) 0 is a topological ℓ 2 -manifold and H X (M, µ) 0 ∼ = P × ℓ 2 when H X (M ) 0 has the homotopy type of a compact polyhedron P . This paper is organized as follows. Section 2 is devoted to generalities on ANR's, ℓ 2 -manifolds, homeomorphism grous and ends of spaces. Section 3 includes fundametal facts on spaces of Radon measures. In Section 4 we show some properties of Radon measures which are necessary to prove Theorem 1.1.
Homeomorphism groups of noncompact 2-manifolds
2.1. Conventions. Throughout the paper spaces are assumed to be separable and metrizable, and maps are always continuous (otherwise specified). The symbol ∼ = indicates a homeomorphism and ≃ denotes a homotopy equivalence (HE). The term "strong deformation retract (or retraction)" is abbreviated as SDR. When A is a subset of a space X, the symbols Fr X A, cl X A and Int X A denote the frontier, closure and interior of A relative to X. When M is a manifold, ∂ = ∂M and Int M denote the boundary and interior of M as a manifold.
ANR's and ℓ 2 -manifolds.
A metrizable space X is called an ANR (absolute neighborhood retract) if any map f : B → X from a closed subset B of a metrizable space Y has an extension to a neighborhood U of B. 
an ANR [8] .
The symbol ℓ 2 denotes the separable Hilbert space {(x n ) ∈ R ∞ : n x 2 n < ∞}. An ℓ 2 -manifold is a separable metrizable space which is locally homeomorphic to ℓ 2 . For topological groups there is a simple characterization of ℓ 2 -manifolds. 
Ends of spaces. (cf. [3])
Suppose Y is a connected, locally connected, locally compact, separable metrizable space. Let 
The space Y is compact, connected, metrizable and
then h(e) = e (e ∈ E(Y )).
Fundamental facts on Radon measures
Next we recall general facts on spaces of Radon measures cf. [3, 5] . 
We obtain the subspaces of µ-finite ends and µ-infinite ends,
Definition 3.4. The finite-end weak topology ew on M g (Y ; µ-end-reg) is the weakest topology for which the following injection is continuous:
The notation M g (Y ; µ-end-reg) ew denotes the space M g (Y ; µ-end-reg) equipped with the topology ew.
and A = cl Y U . Assume that A is locally connected. Then the restriction map
Proof. We use the following notations:
and
Consider the following commutative diagram :
Here, r(ν) = ν| A , ι(ν) = ν, ι A (λ) = λ, r 1 (λ) = λ| A 1 and i * is the homeomorphism induced by i (cf. §3.2). By Lemma 3.1 r 1 is continuous and ι, i * are also continuous. Thus, by Definition 3.4 the map r is continuous.
Induced measures.
Suppose Y and Z are connected, locally connected, locally compact separable metric spaces and
Suppose E is a closed subset of Y , F is a closed subset of Z, f (E) = F and f maps Y − E homeomorphically onto Z − F .
The following maps are reciplocal homeomorphisms :
is bijective, then for any ν ∈ M F (Z) the following maps are reciplocal homeomorphisms :
Groups of measure-preserving homeomorphisms.
Suppose Y is a connected, locally connected, locally compact, separable metrizable space and
Definition 3.6. Let h ∈ H(Y ). We say that
(ii) ( [5] ) h is µ-biregular if h * µ and µ have the same null sets (i.e., µ(h(B)) = 0 iff µ(B) = 0 for any B ∈ B(Y )).
(iii) ( [3] ) h is µ-end-regular if h is µ-biregular and α(h * µ) = α(µ). Lemma 3.5.
(1) For h ∈ H(Y ) we have α(h * µ)(h(e)) = α(µ)(e) (e ∈ E(Y )). In particular, if h ∈ H(Y ) 0 , then h(e) = e (e ∈ E(Y )) and α(h * µ) = α(µ).
Actions of homeomorphism groups on spaces of Radon measures.
Suppose Y is a connected, locally connected, locally compact, separable metrizable space, X and 
By 
A continuous section of the orbit map π is a map
. By the notation S(Y, X, A, µ) we mean the existence of a section of the orbit map π for the data (Y, X, A, µ). Lemma 3.6. Suppose S(Y, X, A, µ) holds. Then
Proof. By the assumption the orbit map π has a section σ. Replacing σ(ν) by σ(ν)σ(µ) −1 , we may assume that σ(µ) = id Y .
(i) The required homeomorphism
(iii) The singleton {µ} is a SDR of M A g (Y, X; µ-end-reg) ew .
Lemma 3.7. Suppose Y and Z are connected, locally connected, locally compact separable metric spaces, E is a closed subset of Y with Int Y E = ∅ and F is a closed subset of Z with
. We have the induced measure f * ν ∈ M E g (Y ). Under these conditions S(Y, E, E, f * ν) implies S(Z, F, F, ν).
Proof. Let µ = f * ν. Then we have the following commutative diagram :
Here, π Y and π Z are the orbit maps and f * is a homeomorphism with the inverse f * (Lemma 3.4).
For each h ∈ H E (Y ; µ-end-reg) 0 there exists a unique h ∈ H F (Z; ν-end-reg) 0 with hf = f h. The map ϕ is defined by ϕ(h) = h. By the assumption the orbit map π Y has a section σ Y . The required section σ Z of the orbit map π Z is defined by σ Z = ϕσ Y f * .
Radon measures on manifolds

Section theorem -a relative version.
Suppose M is a connected n-manifold. For any µ ∈ M ∂ g (M ) the group H(M ; µ-end-reg) acts continuously on M ∂ g (M ; µ-end-reg) ew .
Theorem 4.2. (A. Fathi [5] , R. Berlanga [3] ) Suppose M is a connected n-manifold. Then for any
We need a relative version of this section theorem.
and X is a compact subpolyhedron of M such that µ(Fr X) = 0. Then the orbit map
Proof. Let Y i (i = 1, · · · , m) denote the closures of connected components of M − X. For each i, set 
is continuous.
Since the 2nd derived neighborhood of Fr
, we can construct a connected PL n-manifold N i and a proper onto map f i :
a homeomorphism. We apply Lemma 3.7 to these data and
) holds and by Lemma 3.7 S(Y i , ∂, ∂, µ i ) also holds. Thus, we obtain a section σ i of the orbit map
By Corollary 4.1 and Lemma 3.6 we have the following conclusion.
Corollary 4.2. Under the condition of Corolalry 4.1, for any closed subset
A of ∂M (i) (H X∪A (M, µ-end-reg) 0 , H X∪A (M ; µ) 0 ) ∼ = H X∪A (M, µ) 0 × (M ∂ g (M, X; µ-end-reg) ew , {µ}), (ii) H X∪A (M ; µ) 0 is a SDR of H X∪A (M ; µ-end-reg) 0 .
PL-structures compatible with Radon measures.
We show that any PL-structure can be deformed to a PL-structure compatible with a given Radon measure. Proof. The PL-structure of M is given by a pair (T, ϕ), where T is a simplicial complex which is a combinatorial n-manifold and ϕ : |T | ∼ = M is a homeomorphism. Since X and X 0 are subpolyhedron of M , subdividing T if necessary, we may assume that there are subcomplexes S and S 0 of T such that X = ϕ(|S|) and X 0 = ϕ(|S 0 |). Let T (i) denote the i-skeleton of T , while T (i) denotes the set of i-simplexes of T .
We proceeds by the induction on i. 
n-balls ψ(B σ ) also have the similar properties.
For each σ ∈ T (i) , (a) if ϕ(σ) ⊂ X 0 ∪ ∂M , then by (i) we can find an isotopy g σ t ∈ H PL ψ(∂Bσ ) (ψ(B σ )) (t ∈ [0, 1]) such that g σ 0 = id ψ(Bσ ) and µ(g σ 1 ψ(σ)) = 0, and (b) if σ ⊂ X 0 ∪ ∂M , then we put g σ t = id ψ(Bσ ) . By (ii) we can define a PL-isotopy g t ∈ H PL (M ) 0 by g t = g σ t on B σ . Since f
This completes the inductive step.
Claim 2. There exists an isotopy
Proof. By Claim 1 there exists a PL-isotopy
) ∪ Fr X and µ(Fr X) = 0 by the assumption, it follows that µ(∂C σ ) = 0 and µ σ := µ| Cσ ∈ M ∂ g (C σ ).
Consider the Lubesgue measure m on R n . The restriction of m to the n-cube I n := [0, 1] n ⊂ R n is denoted by the same symbol. Since any affine isomorphism of R n is m-biregular, any PLhomeomorphism between two subpolyhedra of R n is also m-biregular.
Choose a PL-homeomorphism α σ : C σ ∼ = I n . Then (α σ ) * µ σ ∈ M ∂ g (I n ) and if we set c σ = (α σ ) * µ σ (I n )(= µ(C σ ) > 0), then by von Neumann-Oxtoby-Ulam theorem (Theorem 4.1 (1)) there exists an isotopy β σ t ∈ H ∂ (I n ) such that β σ 0 = id and (β σ 1 ) * (α σ ) * µ σ = c σ m. We put γ σ t = β σ t α σ :
By M ′ and C ′ σ we denote M and C σ which have the PL-structure given by ψ = h 1 ϕ :
. By Lemma 3.5 (1) we only have to show that h is µ-biregular. There exist subdivisions T 1 , T 2 of T and a simplicial isomorphism k : T 1 → T 2 such that hψ = ψ|k|. Take any τ 1 ∈ T 1 with τ 1 ⊂ |S|. There exist τ 2 ∈ T 2 with |k|(τ 1 ) = τ 2 and σ 1 , σ 2 ∈ T (n) with τ 1 ⊂ σ 1 , τ 2 ⊂ σ 2 .
Since |k| = id on |S|, it follows that τ 2 ⊂ |S| and σ 1 , σ 2 ⊂ |S| and we have the following diagram:
Since γ σ 2 h (γ σ 1 ) −1 : γ σ 1 (ψ(τ 1 )) ∼ = γ σ 2 (ψ(τ 2 )) is a PL-homeomorphism, it is m-biregular. Since is µ-biregular. Since h| X = id X is µ-biregular, it follows that h itself is µ-biregular as required.
This completes the proof of Proposition 4.1. such that 0, q 2 ∈ ∂D k , 0, q k ∈ ∂E k and m(D k ) = m(E k ), and h k ∈ H ∂ (J n ) such that h k (D k ) = E k , h k (0) = 0 and h k (q 2 ) = q k .
For the homeomorphism h k : D k ∼ = E k , since (h k ) * m ∈ M ∂ g (E k ) and ((h k ) * m)(E k ) = m(D k ) = m(E k ), by Theorem 4.1 there exists f k ∈ H ∂ (E k ) such that (f k ) * (h k ) * m = m. Similarly, for the homeomorphism h k : cl(J n − D k ) ∼ = cl(J n − E k ), since (h k ) * m ∈ M ∂ g (cl(J n − E k )) and ((h k ) * m)(cl(J n −
